Waveform inversion
Waveform inversion (WI) represents a family of techniques for velocity model building using seismic
wavefields (Tarantola, 1984; Woodward, 1992; Pratt, 1999; Sirgue and Pratt, 2004; Plessix, 2006; Vigh
and Starr, 2008; Plessix, 2009; Symes, 2009). This type of methodology, although usually regarded
as one of the costliest techniques for velocity estimation, has been gaining momentum in recent years,
mainly due to its accuracy and to advances in computing technology.
A key component of WI is wavefield simulation using a wave-equation, typically an acoustic waveequation. Usually, WI is implemented in the data-domain, by adjusting the velocity model such that
simulated and recorded data match. This match is based on the strong assumption that the wave-equation
used for simulation is consistent with the earth – unlikely to be the case when the earth is characterized
by strong (poro)elastic effects. Significant effort is often directed toward removing the components
of the recorded data that are inconsistent with the assumptions used. Another key component of WI
is the objective function (OF) used to measure the match between the simulated and recorded data.
It is assumed that the OF is more-or-less convex, which allows for its minimization using gradientbased techniques. Thus, successful implementation of WI requires an effective (i.e. quick and robust)
implementation of the gradient of the objective function.
An effective gradient calculation is based on the adjoint state method (Plessix, 2006; Symes, 2009).
In summary, this method consists of the following steps: (1) compute the state variables, i.e. the seismic
wavefields obtained from the source by forward modeling; (2) compute the adjoint source, i.e. a calculation based on the OF and on the state variables; (3) compute the adjoint state variables, i.e. the seismic
wavefields obtained from the adjoint source by backward modeling; (4) compute the gradient using the
state and adjoint state variables.
It is generally understood that WI should be implemented in the data-domain. Here, we show that WI
can be similarly implemented in the image-domain, as suggested by Symes (2009). We show that the two
implementations are not different in their use of seismic wavefields, but merely in their implementation of
the OF gradient when multiple seismic experiments (e.g. shots) are considered. We present a comparative
derivation of the data-domain and image-domain implementations and illustrate the less common imagedomain method with a synthetic example.
Data-domain gradient
The state variables for the adjoint state method are obtained by solving the acoustic wave-equation
L (x, ω, m) us (e, x, ω) = fs (e, x, ω) ,

(1)

where L denotes the wave operator, us is the simulated wavefield, fs is the source data, m are the model
parameters (velocity or slowness), e is the experiment index, ω is the frequency, and x are the space
coordinates {x, y, z}. A similar discussion can be done using a time-domain implementation, but we
omit that here, for simplicity.
Conventional WI is an inverse problem with the model found by minimizing an OF defined using the
difference between the observed and simulated wavefields, uo and us (Tarantola, 1984; Pratt, 1999):
H=

X1
e

2

kKD (e, x) (us (e, x, ω) − uo (e, x, ω)) k2x,ω .

(2)

Here, KD is a mask operator which limits the definition of the OF to specific locations, e.g. to positions
on the surface. This common objective function suffers, among other things, from cycle skipping due to
the oscillatory nature of the subtracted wavefields. This problem is usually addressed by bootstrapping
the frequency from low to high (Sirgue and Pratt, 2004).
An alternative OF uses the correlation of the observed and simulated wavefields, instead of their
difference (van Leeuwen and Mulder, 2010):
HD =

X1
e

2

kKD (e, x) P (τ ) c (e, x, τ ) k2x,τ ,
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(3)

where c is the correlation between the observed and simulated wavefields:
X
us (e, x, ω) uo (e, x, ω)e2iωτ ,
c (e, x, τ ) =

(4)

ω

and τ is the cross-correlation time-lag. The overline indicates complex conjugation, and P is an operator
penalizing correlation energy outside zero time-lag. This operator is similar to the differential semblance
optimization (DSO) penalty of Shen and Symes (2008).
We obtain the gradient of the OF (H) using the adjoint state-method (Plessix, 2006; Symes, 2009):
first we compute the adjoint source as the derivative of the OF relative to the state variables us :
gs (e, x, ω) =

X

∂HD
= KD (e, x) KD (e, x)
P (τ ) P (τ )< c (e, x, τ ) uo (e, x, ω) e−2iωτ ,
∂us
τ

(5)

where < takes the real part of the complex wavefields; then we compute the adjoint state variable as as
a wavefield simulated backward in time using the adjoint source:
L∗ (x, ω, m) as (e, x, ω) = gs (e, x, ω) ,

(6)

where the ∗ sign indicates that the receiver wavefield is constructed by the operator L backward in time;
finally we compute the constrained gradient of the OF using the correlation between the state and adjoint
state variables, us and as :
XX
∂AD
(x) =
ω 2 us (e, x, ω)as (e, x, ω) ,
∂m
e
ω

(7)

where AD is the constrained (augmented) OF (Plessix, 2006).

Image-domain gradient
A similar procedure can be implemented in the image-domain with extended images obtained by waveequation migration (downward continuation or reverse-time), using the time-lag imaging condition (Sava
and Fomel, 2006; Sava and Vasconcelos, 2011). The state variables are represented by the source and
receiver wavefields, us and ur , simulated using the source wavelet fs and the recorded data fr :

 


fs (e, x, ω)
us (e, x, ω)
L (x, ω, m)
0
.
(8)
=
fr (e, x, ω)
0
L∗ (x, ω, m) ur (e, x, ω)
The wavefields us and ur are obtained by forward and backward modeling, respectively. In this case, we
can formulate the OF as
1
HI = kKI (x) P (τ ) r (x, τ ) k2x,τ ,
(9)
2
where r is the time-lag extended image (Sava and Fomel, 2006)
XX
r (x, τ ) =
us (e, x, ω)ur (e, x, ω) e2iωτ ,
(10)
e

ω

and KI is a mask operator which restricts the evaluation of the OF to some locations in the image. The
penalty operator P is identical to the operator used in the data-domain. Then, we compute the gradient
of the OF by defining an adjoint sources
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computing the adjoint state variables, as (backward modeling) and ar (forward modeling),
 ∗
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Figure 1: (a) Conventional image and (b) extended image in the time-lag domain obtained with the
correct velocity after summation over all shots distributed throughout the surface. The red line indicates
the exact position of the reflector. The maximum energy in the time-lag gather is located at τ = 0 and at
the correct reflector depth, z = 1.5 km.
and evaluating the gradient by the correlation of the state (us , ur ) and adjoint state variables (as , ar )

XX 
∂AI
(x) =
ω 2 us (e, x, ω)as (e, x, ω) + ur (e, x, ω)ar (e, x, ω) ,
∂m
e
ω

(13)

where AI is the constrained (augmented) OF (Plessix, 2006).

Example
We illustrate the method with a simple synthetic model. We restrict our attention to the image-domain
implementation. The model consists of a horizontal reflector in constant velocity. Figure 1(a) shows
the image obtained by migration using the correct velocity, and Figure 1(b) shows the time-lag gather
obtained at x = 6 km after summation over all shots located on the surface. Figures 2(a)-2(c)-2(e)-2(g)
depict the image, the extended image, the adjoint source and the gradient of the OF for a slow background
velocity, and Figures 2(b)-2(d)-2(f)-2(h) depict the equivalent objects for a high background velocity. We
can observe the familiar band-limited wavepaths with opposite signs, according to the velocity anomalies.
This gradient corresponds to one shot located at x = 5 km, and similar wavepaths could be obtained from
any other locations in the image for all other shots. The total gradient is then obtained by summation over
all shots (experiments). Here we consider a common-image-gather at a fixed surface position, although
a similar result is possible with sparse common-image-point-gathers (Sava and Vasconcelos, 2011).
Conclusions
WI can be formulated both in the data-domain or in the image-domain. The OF can be formulated using
wavefield correlations instead of differences, thus eliminating the need for (very) low frequency in the
data which are required to reduce cycle skipping. The same wavefields are used in both cases (i.e. the
same wave-equation, the same sources and boundary conditions, etc), therefore these implementations
are not at all different from this point of view. The data-domain OF applies a time-lag penalty to the
correlation of the simulated and observed wavefields before summation over experiments. This OF uses
correlations only on the surface at the known locations of the receivers. In contrast, the image-domain
OF applies a time-lag penalty to the correlation of the source and receiver wavefields after summation
over experiments, i.e. it exploits the semblance principle. This OF uses correlations at any locations
in the image, including surface locations. This technique works for any type of seismic experiment
(point source, plane source, etc) and the wavefield reconstruction can be implemented equally well in the
time-domain or in the frequency-domain. No cumbersome time-lag picking is necessary to define the
image-domain objective function.
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Figure 2: The panels depict from top to bottom the conventional image, extended image, frequencydomain adjoint source and OF gradient. The left and right columns correspond to low and high velocities,
respectively.
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